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S-ARITHMETIC SPINOR GROUPS WITH THE SAME
FINITE QUOTIENTS AND DISTINCT ℓ2-COHOMOLOGY
HOLGER KAMMEYER AND ROMAN SAUER
Abstract. In this note we refine examples by Aka from arithmetic to S-
arithmetic groups to show that the vanishing of the i-th ℓ2-Betti number
is not a profinite invariant for all i ≥ 2.
1. Introduction
Let C be a class of groups. We call a group invariant profinite among C if
it agrees for any two groups in C which have the same set of finite quotients.
If C is the class of all finitely generated residually finite groups, we plainly
say the invariant is profinite.
An example of a profinite invariant is the abelianization H1(Γ), and hence
also the first Betti number b1(Γ). Bridson–Conder–Reid [2, Corollary 3.3]
apply Lu¨ck’s approximation theorem [15] to conclude that the first ℓ2-Betti
number b
(2)
1 (Γ) is profinite among finitely presented, residually finite groups;
see [8, 16, 29] for an introduction to ℓ2-Betti numbers. In contrast, Reid
mentions in [27, 6.2, p. 88] that examples of arithmetic groups with the
same profinite completion constructed by Aka in [1] have different higher ℓ2-
Betti numbers, despite being finitely presented and residually finite. It turns
out that these groups actually provide counterexamples to the profiniteness
of b
(2)
n for all even numbers n ≥ 6. An expository account of the discussion
so far can be found in the Master thesis of Stucki [32].
In this article, we refine the construction given in [1] from arithmetic to
S-arithmetic groups to see that for no n ≥ 2, the n-th ℓ2-Betti number is
profinite among finitely presented, residually finite groups.
Theorem 1. For k ≥ 2, fix distinct prime numbers p1, . . . , pk ≥ 89 within
the arithmetic progression 17 + 24N and set
Γk± = Spin(〈±1, ±1, ±1, ±p1 · · · pk, 3〉)(Z[ 1p1···pk ]).
Then Γ̂k+
∼= Γ̂k−, and b(2)n (Γk+) > 0 iff n = k, whereas b(2)n (Γk−) > 0 iff
n = k + 2.
Of course, the result borrows from Dirichlet’s theorem that the arithmetic
progression 17 + 24N contains infinitely many primes. The precise meaning
of Γk± is explained in Section 3. The notation Γ̂ refers to the profinite
completion of Γ, the projective limit over the inverse system of all finite
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quotient groups of Γ. For finitely generated Γ and Λ, it turns out that Γ̂ ∼= Λ̂
if and only if Γ and Λ have the same set of finite quotients [28, Corollary 3.2.8,
p. 89]. The groups Γk± are finitely presented as S-arithmetic subgroups of
reductive algebraic groups [23, Theorem 5.11, p. 272]. As such, they are also
residually finite by Malcev’s theorem [19].
The proof of Theorem 1 naturally splits into two parts: the construction
of the isomorphism Γ̂k+
∼= Γ̂k−, and the calculation of the ℓ2-Betti numbers
b
(2)
n (Γk±). For the first part, it is key to know that both the Q-isotropic group
Γk− and the Q-anisotropic group Γ
k
+ of type B2 satisfy the congruence sub-
group property (CSP). For the sake of a self-contained treatment, Section 2
summarizes the verification of CSP in this case because the version we ap-
ply was not entirely available when the standard references [17] and [23]
were written. CSP reduces the construction of an isomorphism Γ̂k+
∼= Γ̂k−
to verifying that the spinor groups of the forms 〈±1, ±1, ±1, ±p1 · · · pk, 3〉
are isomorphic over the p-adic integers Zp. As we verify in Section 3, this
is ensured because the quadratic forms are Zp-isometric. At this point it
enters that the primes pi were so chosen that p1, . . . , pk ≡ 1 (8).
The second part of the proof is given in Section 4. We will explain that
finding the nontrivial ℓ2-cohomology of Γk± is essentially a matter of showing
that the Qpi-rank of the two spinor groups is equal to one. The rank of a
spinor group equals the Witt index of the quadratic form and it comes out of
the Hasse–Minkowski theory of quadratic forms that the Witt index is one
because the primes pi were so chosen that p1, . . . , pk ≡ 2 (3). This explains
how the arithmetic progression 17+24N comes into play: it consists precisely
of the numbers that satisfy both relevant congruence relations according to
the Chinese remainder theorem.
2. CSP for spinor groups
Let k ⊂ C be a number field and let G ⊂ GLn be an (absolutely almost)
simple and simply-connected linear algebraic k-group. Let S be a finite set
of places of k containing all the archimedean ones. Recall that any place
v defines a completion kv which comes with a valuation ring Ov if v is
nonarchimedean. The ring of S-integers in k is denoted by
Ok,S = {x ∈ k : v(x) ≥ 0 for all v /∈ S}.
We have a diagonal embedding of the group G(Ok,S) into the adele points
G(Ak,S) defined as the restricted product
∏r
v/∈S G(kv) consisting of elements
with almost all coordinates in G(Ov). The group G(Ak,S) carries the lo-
cally compact colimit topology determined by the canonical embeddings
of
∏
v∈T\S G(kv) ×
∏
v 6∈T G(Ov) with |T | < ∞. The Kneser–Platonov
strong approximation theorem implies that the group G(Ok,S) has closure∏
v/∈S G(Ov) in G(Ak,S), provided the group GS =
∏
v∈S G(kv) is not com-
pact. The group
∏
v/∈S G(Ov) is compact and totally disconnected, thus
profinite. The universal property of the profinite completion therefore yields
a canonical epimorphism Ĝ(Ok,S) →
∏
v/∈S G(Ov). The kernel C(k,G, S)
of this homomorphism is called the congruence kernel. It thus fits into a
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short exact sequence
(2) 1 −→ C(k,G, S) −→ Ĝ(Ok,S) −→
∏
v/∈S
G(Ov) −→ 1.
The k-groupG is said to have the congruence subgroup property with respect
to S (in the rigorous sense) if C(k,G, S) is trivial. For more details and
references up to this point, we refer to [9, Sections 2.2 and 2.3].
The embeddings of G(Ok,S) into Ĝ(Ok,S) and G(Ak,S) induce two a pri-
ori different topologies on the S-arithmetic group G(Ok,S). A fundamental
system of neighborhoods Ua for the former consists of finite index normal
subgroups. For the latter, a fundamental system Uc consists of the so-called
principal congruence subgroups defined by the kernels of the homomorphisms
G(Ok,S)→ G(Ok,S/a) given by reducing matrix entries mod a for nonzero
ideals a ⊂ Ok,S. Since S-arithmetic groups are finitely generated, the con-
gruence subgroup property thus says precisely that each finite index sub-
group of G(Ok,S) is a congruence subgroup, meaning it contains a principal
congruence subgroup. This explains the terminology.
When setting up proofs of CSP, it is useful to shift attention fromG(Ok,S)
to the k-rational points G(k) by considering Ua and Uc as fundamental sys-
tems of unit neighborhoods in G(k) rather than in G(Ok,S). These systems
define the arithmetic topology and the congruence topology on G(k), respec-
tively. We obtain associated completions with respect to the canonical uni-
form structures. For the arithmetic topology, this completion is commonly
denoted Ĝ(k), accepting a slight abuse of notation. For the congruence
topology, the completion can be identified with G(Ak,S) because the lat-
ter is a complete Hausdorff group which contains G(k) densely by strong
approximation.
Since Ua is finer than Uc, we obtain a unique homomorphism φ : Ĝ(k)→
G(Ak,S) which restricts to the identity on G(k). We observe that Ĝ(k)
contains Ĝ(Ok,S) as the closure of G(Ok,S), hence the image im(φ) contains
the open group
∏
v/∈S G(Ov), and thus is itself open. This shows that im(φ)
is closed. But it is moreover dense because it containsG(k), so φ is surjective.
It is obvious that the congruence kernel lies in ker(φ), and it is easy to verify
that they coincide. Thus the congruence kernel also appears in the short
exact sequence
(3) 1 −→ C(k,G, S) χ−−→ Ĝ(k) ϕ−−→ G(Ak,S) −→ 1.
It is in this set-up that the congruence kernel reveals its secrets. Consider-
ing the compact abelian group R/Z as trivial G(Ak,S)-module, the group
extension (3) gives rise to a five term inflation-restriction exact sequence in
continuous cohomology as in [31, Remark, p. 118]. The first four terms are
0→H1ct(G(Ak,S),R/Z)
ϕ∗−→ H1ct(Ĝ(k),R/Z)
χ∗−→ H1ct(C(k,G, S),R/Z)G(Ak,S )
ψ−→ H2ct(G(Ak,S),R/Z).
The morphisms ϕ∗, χ∗, and ψ are called inflation, restriction, and trans-
gression, respectively. The group H1ct(Ĝ(k),R/Z) consists of continuous
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homomorphisms Ĝ(k)→ R/Z to an abelian group, hence they are trivial on
the closure of the commutator subgroup [Ĝ(k), Ĝ(k)]. Thus, if we assume
the group G(k) of k-rational points is perfect,(A)
then H1ct(Ĝ(k),R/Z) is trivial, implying ψ is injective. If we moreover as-
sume
the extension of topological groups (3) is central,(B)
then it is classified by an element e ∈ H2ct(G(Ak,S), C(k,G, S)) and the
group H1ct(C(k,G, S),R/Z)
G(Ak,S ) is just the Pontryagin dual C(k,G, S) =
Hom(C(k,G, S),R/Z) of C(k,G, S). A homomorphism f ∈ C(k,G, S) de-
fines a change of coefficients homomorphism
f∗ : H
2
ct(G(Ak,S), C(k,G, S)) −→ H2ct(G(Ak,S),R/Z)
and transgression has the description ψ(f) = f∗e. The fact that the exten-
sion (3) splits over G(k) thus says that imψ lies within
ker
(
H2ct(G(Ak,S),R/Z)
restriction−−−−−−→ H2(G(k),R/Z)
)
.
Here in the codomain we use ordinary group cohomology which is the same
as continuous cohomology when G(k) carries the discrete topology. The
above kernel is known as the metaplectic kernel M(k,G, S). Thus if
the metaplectic kernel M(k,G, S) is trivial,(C)
then so is C(k,G, S). Here is a summary of our discussion.
Theorem 4. Suppose assumptions (A), (B), and (C) hold true. Then the
k-group G has the congruence subgroup property with respect to S.
Theorem 5. Let q be a quadratic form over a number field k and let S be
a finite set of places of k containing all the archimedean ones. Suppose
(i) the form q has at least five variables,
(ii) the set S contains at least one nonarchimedean place,
(iii) the sum of the Witt indices of q over kv for v ∈ S is at least two.
Then the k-group Spin(q) has CSP with respect to S.
Proof. We have to verify the three assertions from above.
(A): It is true more generally that Spin(k) has no non-central normal sub-
groups. This result, due to Kneser [11, Satz C], is one of the earliest in this
circle of ideas. Here assumption (i) enters.
(B): This is again due to Kneser [10, Satz 11.1] and dates back more than two
decades later. Beware that the cited theorem assumes q has ≥ 8 variables
but the argument can easily be adapted to ≥ 5 variables, as was noticed by
Vaserstein, [ibid., Zusatz 1]. Here assumptions (i) and (iii) enter.
(C): This follows from the definite solution of the metaplectic problem due
to Prasad–Rapinchuk [25, Main Theorem] another two decades later. It says
in particular thatM(k,G, S) is trivial if S contains a finite place v such that
G is kv-isotropic. So we only need to recall that quadratic forms in five or
more variables are isotropic at any finite place [13, Theorem 2.12, p. 158]
and apply Lemma 16 below. Here assumptions (i) and (ii) enter. 
S -ARITHMETIC SPINOR GROUPS 5
Remark 6. We stress that the main value of Theorem 5 is that Spin(q) is
allowed to be k-anisotropic. Assuming that q and thus Spin(q) is k-isotropic,
earlier proofs of (A) [5, 7], (B) [26,33], and (C) [10,24] are available.
Let us denote the two quadratic forms occurring in Theorem 1 by qk±.
Corollary 7. For each k ≥ 2, the Q-groups Spin(qk+) and Spin(qk−) have
the congruence subgroup property with respect to S = {∞, p1, . . . , pk}.
Proof. This is immediate from Theorem 5 noting that qk± has Witt index at
least one over Qpi for i = 1, . . . , k again by [13, Theorem 2.12, p. 158]
1. 
3. Integral spinor groups and profinite completions
Let k be a field of characteristic zero and let (V, q) be a quadratic space: a
finite-dimensional k-vector space equipped with a nondegenerate quadratic
form q. If (e1, . . . , en) is the standard basis of V = k
n then the quadratic
form with q(ei) = ai is denoted by 〈a1, . . . , an〉.
In the following, unadorned tensor products are taken over k.
The Clifford algebra C(V, q) is the quotient of the tensor algebra T (V ) by
the two-sided ideal I generated by the elements of the form x⊗ x− q(x) for
x ∈ V . The tensor algebra T (V ) = T0(V ) ⊕ T1(V ) is graded according to
the parity of length of tensors. Since I is a homogeneous ideal, the Clifford
algebra inherits a grading C(V, q) = C0(V, q) ⊕ C1(V, q). The obvious map
V → C(V, q)◦ extends to a homomorphism
∗ : C(V, q)→ C(V, q)◦,
where the latter denotes the opposite Clifford algebra. We have (x1 . . . xn)
∗ =
xn . . . x1, so ∗ is an involution on the Clifford algebra. Let
ad: C(V, q)× → GL(C(V, q))
be the conjugation homomorphism sending g to x 7→ gxg−1. Let A be
a commutative k-algebra. Then ad induces a homomorphism adA : (A ⊗
C(V, q))× → GL(A⊗ C(V, q)). The involution also extends to A⊗ C(V, q).
Remark 8. Assume that adA(g) with g ∈ (A ⊗ C0(V, q))× preserves the
subspace A⊗ V ⊂ A⊗ C(V, q). Then
gxg−1 = (gxg−1)∗ = (g∗)−1xg∗
for every x ∈ A ⊗ V . So g∗g is in the center Z(A ⊗ C(V, q)) for which
we have A ⊗ Z(C(V, q)) = Z(A ⊗ C(V, q)). But Z(C(V, q)) ∩ C0(V, q) =
k [18, Proposition 24.58 on p. 531] and hence g∗g ∈ A×.
The spinor group for (V, q) is the functor that assigns to a k-algebra A
the group
Spin(q)(A) =
{
g ∈ (A⊗ C0(V, q))× | adA(g)(A ⊗ V ) = A⊗ V, g∗g = 1A
}
.
See [18, Section 24 i] for more information on spinor groups. The spinor
group is an almost simple, simply connected k-group. The morphism
(9) π : Spin(q)→ SO(q)
1In Proposition 15 we will show that the Witt index of qk± over Qpi is precisely one.
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given by the restricting adA to A ⊗ V is a central isogeny. As a k-group
Spin(q) has an embedding into a general linear group but we want to have
a closer look at a particular one next.
Let O be a domain of characteristic zero. Let L be a finitely generated
free O-module and qL : L× L→ O a quadratic form. Let k be the fraction
field of O, V = k ⊗O L and q : V × V → k the induced quadratic form.
Let ΛL be the exterior algebra over L, which is a free O-module of rank
2rankO(L). It is obvious that ΛL ⊂ ΛV is an O-lattice in ΛV . Further, the
symmetrization homomorphism sym: ΛV → C(V, q) whose restriction on
ΛrV is given by
x1 ∧ · · · ∧ xr 7→ 1
r!
∑
σ∈Σ(r)
sign(σ)xσ(1) ⊗ · · · ⊗ xσ(r)
is an isomorphism of k-vector spaces [14, Proposition 1.3 on p. 10] and thus
embeds ΛL as an O-lattice into C(V, q). So every O-basis of L yields an
isomorphism of the k-group G(A) = GL(A ⊗ C(V, q)) with GL2d where
d = 2dimV and an isomorphism GL2d(O) ∼= GL(ΛL). Right multiplication
by elements in (A⊗ C(V, q))× on C(V, q) induces a k-embedding
j : Spin(q)→ G ∼= GL2d .
Without referring to the theory of group schemes over arbitrary rings, we
can now simply define the O-points of Spin(q) as
(10) Spin(qL)(O) := im j(k) ∩GL(sym(ΛL)) = im j(k) ∩GL2d(O).
The above definition is functorial with respect to isomorphisms of qua-
dratic spaces.
Lemma 11. Let (L, qL) and (L
′, qL′) be isomorphic quadratic spaces over O.
Then the associated quadratic spaces (V, q) and (V ′, q′) over k are isomorphic
and we obtain a commutative square with vertical group isomorphisms:
Spin(qL)(O) Spin(q)(k)
Spin(qL′)(O) Spin(q)(k)
∼= ∼=
Proof. The symmetrization isomorphism is obviously functorial. So an iso-
morphism (L, qL) ∼= (L′, qL′) induces a commutative diagram
ΛL ΛV C(V, q)
ΛL′ ΛV ′ C(V ′, q′)
∼=
∼=
∼= ∼=
∼=
which clearly implies the lemma. 
Lemma 12. Let p1, . . . , pk be primes congruent to 1 mod 8. Then the qua-
dratic forms 〈1, 1, 1, p1 · · · pk〉 and 〈−1,−1,−1,−p1 · · · pk〉 are isometric
over Zp for all primes p.
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Proof. If p ≡ 1 (4), the assertion follows because −1 is a square in Zp.
If p ≡ 3 (4), then both forms have the same unit discriminant and thus
are Zp-isometric by [3, Corollary to Theorem 3.1, p. 116]. Finally, for the
case p = 2, recall that a unit x ∈ Z∗2 is a square if and only if x ≡ 1 (8)
under the canonical reduction Z2 → Z/8Z. Therefore it is enough to see
that 〈1, 1, 1, 1〉 is Z2-isometric to 〈−1,−1,−1,−1〉. Since
√−7 ∈ Z2, the
matrix 

2 1 1
√−7
−1 2 −√−7 1
−1 √−7 2 −1
−√−7 −1 1 2


defines an explicit such isometry (cf. [1, Lemma 2]). 
Recall that we denoted the two quadratic forms in Theorem 1 by qk±.
Lemmas 11 and 12 thus combine as follows.
Proposition 13. For each prime p, we have Spin(qk+)(Zp) ∼= Spin(qk−)(Zp).
Let us remark at this point that we do not have to distinguish between
abstract and topolgical isomorphisms of profinite groups in this article: all
occurring profinite groups are topologically finitely generated which implies
that isomorphisms are automatically continuous by a deep result of Nikolov–
Segal [20]. We are now in a position to prove the first part of Theorem 1.
Proposition 14. For each k ≥ 2, we have an isomorphism Γ̂k+ ∼= Γ̂k−.
Proof. According to Corollary 7 and the short exact sequence in (2), the
profinite completions of Spin(qk±)(Z[
1
p1···pk
]) are given by the products∏
p ∤ p1···pk
Spin(qk±)(Zp)
whose factors are isomorphic by Proposition 13. 
4. Witt indices of quadratic forms and ℓ2-cohomology
Let (V, q) be a nondegenerate quadratic space over a field k. By the Witt
decomposition theorem [34] the quadratic space (V, q) decomposes uniquely
into an orthogonal sum
(V, q) ∼= w(H, qH) ⊥ (Va, qa)
where (Va, qa) is anisotropic and the left summand is a w-fold sum of hyper-
bolic planes qH, coming from the bilinear form (x, y) 7→ xy. The number w
is the Witt index indk(V, q). Recall the setting of Theorem 1.
Proposition 15. For each i = 1, . . . , k, we have indQpi q
k
± = 1.
Proof. By Lemma 12 it is enough to consider the form qk+. Using that√−1 ∈ Qpi , we have an orthogonal decomposition
qk+ = H⊕ 〈1, p1 · · · pk, 3〉
and it remains to show that 〈1, p1 · · · pk, 3〉 is Qpi-anisotropic. According
to [30, Theorem 6 (ii), p. 36], this is granted precisely if the Hasse invariant
ε of 〈1, p1 · · · pk, 3〉 differs from the Hilbert symbol (−1,−3p1 · · · pk)Qpi . The
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Hilbert symbol equals 1 because −1 is a square in Qpi . The Hasse invariant
is given by
ε = (1, p1 · · · pk)Qpi (1, 3)Qpi (p1 · · · pk, 3)Qpi = (p1 · · · pk, 3)Qpi = (pi, 3)Qpi
and according to [30, Theorem 1, p. 20], the latter is equal to the Legendre
symbol
(
3
pi
)
which we can evaluate as(
3
pi
)
=
(
pi
3
)
=
(
2
3
)
= −1
by quadratic reciprocity because pi ≡ 1 (4) and because pi ≡ 2 (3). 
Lemma 16. The k-rank of Spin(q) equals the Witt index indk(V, q).
Proof. The k-rank of Spin(q) is the k-rank of SO(q) since the homomor-
phism π from (9) is a central isogeny [17, Corollary 1.4.6 on p. 42]. The
maximal split torus S of the latter is
S = Gm × · · · ×Gm × {idVa} < SO(qH)w × SO(qa) < SO(q)
and hence m-dimensional [18, Example 25.5, p. 545]. 
Corollary 17. For each i = 1, . . . , k, the Qpi-rank of Spin(q
k
±) is one.
Finally, we have collected all preliminaries to give the proof of Theorem 1.
Proof of Theorem 1. In view of Proposition 14, it remains to find the pos-
itive ℓ2-Betti numbers of Γk±. To this end, we note that the S-arithmetic
groups Γk± are lattices in the locally compact groups [17, Theorem 3.2.4 on
p. 63]
GkS,± =
∏
v∈S
Spin(qk±)(Qv)
where S = {∞, p1, . . . , pk} and Q∞ = R. For a lattice Γ ≤ G in a locally
compact (second countable) group G with a fixed Haar measure µ, a theorem
of Kyed–Petersen–Vaes [12] shows that
b(2)r (Γ) = b
(2)
r (G,µ) · µ(G/Γ),
where µ(G/Γ) is the induced G-invariant measure and b
(2)
r (G,µ) is the r-
th ℓ2-Betti number of the locally compact group G defined by Petersen [21].
Suppressing µ from the notation, we thus only have to find out for which r
we have b
(2)
r (GkS,±) > 0. Petersen’s Ku¨nneth formula [ibid., Theorems 6.5
and 6.7] shows that b
(2)
r (GkS,±) is given by∑
r=s0+···+sk
b(2)s0 (Spin(q
k
±)(R)) b
(2)
s1 (Spin(q
k
±)(Qp1)) · · · b(2)sk (Spin(qk±)(Qpk)).
We note that the group Spin(qk−)(R) is a two-fold cover of the oriented isom-
etry group of hyperbolic 4-space. Therefore b
(2)
s (Spin(qk−)(R)) is positive if
and only if s = 2 by a result of Dodziuk [4]. The group Spin(qk+)(R) is com-
pact so that b
(2)
s (Spin(qk+)(R)) is positive if and only if s = 0 by [21, Proposi-
tions 3.4 and 3.6]. For i = 1, . . . , k, we have that b
(2)
s (Spin(qk±)(Qpi)) is pos-
itive if and only if s = rankQpi Spin(q
k
±). This follows from the calculations
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of Dymara–Januszkiewicz [6] as was observed by Petersen–Valette [22, Corol-
lary 13]. For technical reasons, it is assumed in these considerations that
the residue field Fpi of Qpi has large enough characteristic. We ensured this
by requiring pi ≥ 89 though it seems likely that this condition is not needed.
The discussion reveals that the above sum has at most one nonvanishing
summand and Corollary 17 implies that such a summand occurs for qk+ if
and only if r = k, whereas it occurs for qk− if and only if r = k + 2. 
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